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Just as fermion zero modes can alter the degeneracy and quantum numbers of
a soliton, fermion energies can affect the form and stability of a nontopological
soliton. We discuss the kink in a two-dimensional linear sigma model, and show
that, when coupled to fermions, the kink is no longer an extremum of the energy
functional. The kink in this model possesses many similarities to the electroweak
string in the Weinberg-Salam model.
1. Nontopological Solitons
A nontopological soliton is a nontrivial static configuration of bosonic fields. If it
is stable, its stability is due to energetic rather than topological reasons, i.e., it is a
local minimum of the bosonic energy functional
Eboson[Φ] = −
∫
dnx Lboson(Φ) (1.1)
where Φ schematically represents all the bosonic (scalar and vector) fields.
If fermion fields are coupled to the bosonic fields, one may solve the Dirac equation
in the static soliton background to obtain a spectrum ǫλ[Φ] of positive and negative
eigenenergies. One may then consider excited states of the nontopological soliton,
which have some of the positive energy (or “valence”) modes filled. These excited
states are found by minimizing
E[Φ] = Eboson[Φ] +
∑
ǫλ>0
nλǫλ[Φ] (1.2)
where nλ is the occupation number of the positive energy modes. The presence of
valence fermions modifies the soliton background Φ.
To take into account the effect of occupied valence states on the soliton while
ignoring that of the fermion vacuum energy (i.e., the energy of the “Dirac sea”),
∗To appear in the proceedings of Solitons: Properties, Dynamics, Interactions and Applications,
Kingston, Ontario, Canada, July, 1997.
†naculich@bowdoin.edu
is not consistent, however, in an h¯-expansion. A more consistent approach is to
minimize, usually in some approximation, the quantity
E[Φ] = Eboson[Φ] + Evacuum[Φ] +
∑
ǫλ>0
nλǫλ[Φ] +
∑
ǫλ<0
mλ |ǫλ[Φ]| (1.3)
where we have also included the possible presence of “holes,” or vacancies in the
“Dirac sea”; mλ is the hole occupation number.
While including fermion loop effects, we ignore boson loop effects throughout,
treating bosonic fields as classical. The legitimacy of this approximation depends on
the particular application. In any case, this approach can be systemically justified
through a large N approximation (N is the number of fermion flavors), in which
bosonic loops are subleading in 1/N .
In my talk, I discussed the effects of fermions on three types of nontopological
solitons: Higgs bags around heavy fermions, kinks in a two-dimensional linear σ-
model, and electroweak strings in the Weinberg-Salam model. Here, due to space
limitations, I will focus on the middle topic, referring the reader to refs. [1,2] for a
discussion of the first topic, and to refs. [3,4,5] for discussions of the last.
2. Kinks in the linear sigma model
The two-dimensional linear σ-model serves as a toy model to illustrate some of
the features of electroweak strings in the Weinberg-Salam model. The electroweak
string is a nontopological soliton which, for a certain range of the Higgs mass and
sin2 θW , is a saddle point of the energy functional, and therefore is unstable. The
kink configuration in the 2d σ-model is also a saddle point. Both the kink and the
electroweak string have fermion zero modes, which make them degenerate. And in
both cases, perturbations in the field configuration shift the zero mode, lifting the
degeneracy and crucially affecting the stability of the soliton.
The linear σ-model Lagrangian
Lboson = 12 (∂µσ)2 + 12 (∂µτ)2 − 14λ
(
σ2 + τ 2 − v2
)2
(2.1)
has a Mexican-hat-shaped potential. Consider the set of kink-like configurations
τ(x) = τ = const, where − v ≤ τ ≤ v
σ(x) =
√
v2 − τ 2 tanh


√
1− τ
2
v2
x
x0

 (2.2)
where x0 =
√
2/λv2. The energy of these configurations is given by
Eboson(τ) =
2
3
√
2λv3
(
1− τ
2
v2
)3/2
. (2.3)
The configuration with τ = 0 is the usual kink, which goes over the crown of the
Mexican hat; it is a saddle point of the energy, and maximizes eq. (2.3). The con-
figurations with τ = ±v are vacuum configurations, and the family (2.2) interpolates
between the kink and the vacuum.
We now couple fermions to this model by adding
Lfermion = ψ¯ (i/∂ − gσ + igτγ5)ψ (2.4)
to the Lagrangian. The Dirac equation has a set of discrete eigenvalues
ǫn =
1
x0
√
y2 − (sinα)2(y − n)2, 0 ≤ n < y (2.5)
where y = g
√
2/λ and cosα = τ/v. The n = 0 eigenstate, with ǫ0 = (y/x0) cosα =
gτ , is a zero mode when τ = 0. Because of this, the kink state with τ = 0 is doubly
degenerate, with charge 1
2
or −1
2
, depending on whether the zero mode is occupied or
not.6 When τ 6= 0, the degeneracy between these states is lifted.
How do fermions change the energy (2.3) of the kink, and what effect does this
have on the kink’s stability (or lack thereof)? To answer this, we first compute the
fermion vacuum energy of the kink (relative to the vacuum),
Evacuum(τ) = −12
∑
ǫλ>0
[ǫλ(kink)− ǫλ(vac)] + 12
∑
ǫλ<0
[ǫλ(kink)− ǫλ(vac)] (2.6)
summing over all discrete and continuous eigenvalues, both positive and negative.
(Because of the mode ǫ0, the spectrum is not generally charge-conjugation symmetric.)
We obtain
Evacuum(τ) = −12g|τ |+ Enzm(τ) (2.7)
where Enzm(τ) is the contribution from all the non-zero modes (i.e., other than ǫ0).
The appearance of a cusp at τ = 0 is somewhat misleading, because the kink vacuum
refers to the state with the zero mode occupied for τ < 0 and to the state with the
zero mode unoccupied for τ > 0. The state with the zero mode occupied for τ > 0 is
an excited state of kink plus particle, and the state with the zero mode unoccupied
for τ < 0 is an excited state of kink plus hole. Using eq. (1.3), we obtain
Eoccupied(τ) = Eboson(τ) +
1
2
gτ + Enzm(τ)
Eunoccupied(τ) = Eboson(τ)− 12gτ + Enzm(τ) (2.8)
for the energies of the states with the zero mode occupied or unoccupied. It is possible
to compute Enzm(τ) in closed form by summing the discrete states and integrating
the phase shifts of the continuum modes, as in refs. [7,8]. For example, for y = 1, one
obtains
Enzm(τ) =
1
x0
[(
1
2
− α
π
)
cosα +
1
π
sinα
]
. (2.9)
(An alternative approach using inverse scattering methods is found in ref. 9.)
The actual form of Enzm(τ) is not important for our purposes; since all non-
zero mode energies have vanishing derivative with respect to τ at τ = 0, Enzm(τ)
is flat there (as is Eboson(τ)). Hence, because of the presence of the linear ±12gτ
term in eqs. (2.8), neither of the degenerate kink states is an extremum of the energy
functional at τ = 0. The effect of fermions is to shift the saddle point solution away
from the crown of the Mexican hat.
Strictly speaking, the kink configurations (2.2) are not connected because their
electric charges differ, being given by Q = −α/π = −(1/π) cos−1(τ/v).10,11 But
since the charge of the configuration (modulo integers) is solely determined by the
field at its endpoints x = ±∞, one could analyze instead a family of connected
configurations anchored at σ(±∞) = ±v and τ(±∞) = 0 (and therefore all having
charge −1
2
), which progressively slide off the crown of the hat; our conclusions would
remain unchanged.
The situation is somewhat different for the electroweak string. In that case, there
is a continuous spectrum of low-lying states built upon the zero mode (massless
fermions running up and down the string). When the electroweak string is per-
turbed, all these states contribute to the fermion vacuum energy. Unlike the kink,
the electroweak string remains an extremum of the energy functional, but it is no
longer a minimum of the energy for any values of the parameters.3 The fermion
vacuum energy reduces the stability of the electroweak string.
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